Abstract Despite being described as a medium of exchange, cryptocurrencies do not have the typical attributes of a medium of exchange. Consequently, cryptocurrencies are more appropriately described as crypto assets. A common investment attribute shared by the more than 2,500 crypto assets is that they are highly volatile. An investor interested in reducing price volatility of a portfolio of crypto assets can do so by constructing an optimal portfolio through standard optimization techniques that minimize tail risk. Because crypto assets are not backed by any real assets, forming a hedge to reduce the risk contribution of a single crypto asset can only be done with another set of similar assets (i.e., a set of other crypto assets). A major finding of this paper is that crypto portfolios constructed via optimizations that minimize variance and Conditional Value at Risk outperform a major stock market index (the S&P 500). As of this writing, options in which the underlying is a crypto asset index are not traded, one of the reasons being that the academic literature has not formulated an acceptable fair pricing model. We offer a fair valuation model for crypto asset options based on a dynamic pricing model for the underlying crypto assets. The model was carefully backtested and therefore offers a reliable model for the underlying crypto assets in the natural world. We then obtain the valuation of crypto options by passing the natural world to the equivalent martingale measure via the Esscher transform. Because of the absence of traded crypto options we could not compare the prices obtained from our valuation model to market prices. Yet, we can claim that if such options on crypto assets are introduced, they should follow closely our theoretical prices after adjusting for market frictions and design feature nuances.
Introduction
Cryptocurrencies are digital assets whose intended purpose is to serve the role of a medium of exchange. Although the term cryptocurrencies is the most popular term to describe these digital assets, we believe a more appropriate description is that they are crypto assets. The Bank of Israel, for example, states that bitcoin is an asset, not a currency. Thakor (2019) offers three reasons why cryptocurrencies do not exhibit many of the fundamental properties that define a currency. They are not (1) a generally accepted medium of exchange, (2) a stable store of value due to their substantial price volatility, and (3) serve as a unit of account as of this writing. Consequently, we treat cryptocurrencies as crypto assets. As of August 2019, according to CoiLore there were 2,565 crypto assets with a total market capitalization of $266 billion. Total trading volume was $48 billion as of August 2019.
A stylized fact regarding crypto assets is that they exhibit extreme price volatility.
For example, the mean monthly standard deviation of the most popular crypto asset, bitcoin, has been as high as $780.11, while the SPDR S&P 500 ETF (SPY) has been $4.05. Table 1 shows the mean monthly standard deviation and the drawdown for the four major crypto assets and the SPY over the two-year period. There are several reasons proffered for the extreme price volatility of digital currencies compared to other assets such as stocks. First, valuation is difficult. Balcilar et al (2017) showed that volume cannot help predict the volatility of bitcoin returns at any point of the conditional distribution. Unlike stocks where their intrinsic value is determined by company fundamentals, crypto assets do not have any underlying real assets. Rather, crypto values are based solely on market sentiment. Although stocks also are partially driven by market sentiment, company fundamentals provide some basis for assessing whether they are over-or under-valued. Recently, however, a model for valuing two crypto assets (bitcoin and XRP) was developed by Mitchnick and Athey (2018) . Second, the market is thin. Although millennials who have concerns about governments tend to be participants, it is institutional players who are needed to supply liquidity to the crypto asset market. Yet many large institutional investors have stayed away or have had minimal participation in the crypto asset market. However, some major asset managers who are entering the nontraditional asset space are considering including crypto assets in their portfolios. Finally, there is no regulatory oversight. Consequently, certain market practices that are prohibited by securities laws in many countries such as market manipulation are not monitored in the digital currency markets. This lack of oversight can result in substantial price movements.
Our purpose in this paper is threefold. First, we identify an appropriate multivariate model for describing the return distribution of major crypto assets. Second, we construct optimal portfolios with risk budgeting based on two risk measures. Finally, we determine risk-neutral option pricing where the underlying is the optimal portfolio of crypto assets.
We have organized the paper as follows. After presenting multivariate models with different distributions in Section 2, we then select the best model based on Monte Carlo backtesting. Approaches to constructing optimal portfolios by minimizing risk, as well as using risk budgeting and measures of risk-adjusted return to compare different portfolios, are covered in Section 3. Risk-neutral option pricing based on the generalized hyperbolic distribution, specifically the normal inverse Gaussian distribution, is covered in Section 4. Section 5 concludes our paper.
Multivariate Models
We study the top seven crypto assets in this paper for the period July 25, 2017 to 
where d denotes number of crypto assets and t is the time index.
The portfolio weight of the i th crypto asset at time t is defined as ω
To find the optimal model for the dynamics of return, we start with an equally weighted portfolio in this section, which leads to ω 
Multivariate ARMA-GARCH Models
A common model used in working with financial time series is the ARMA-GARCH model, which is the mixed autoregressive moving-average (ARMA) model of Whittle (1951) and the generalized autoregressive conditional heteroscedastic (GARCH) model of Bollerslev (1986) .
Specifically, we use ARMA(1,1)-GARCH(1,1) to model returns for each crypto asset:
The drift µ
t is modeled by ARMA(1,1):
and the volatility σ
t is modeled by GARCH(1,1):
where
t is the sample innovation with arbitrary distribution with zero mean and unit variance.
After calibrating the coefficients under this structure, the uncertainty is the sample innovation. Instead of studying crypto asset returns, we study their sample innovations.
The main task becomes finding an appropriate distribution of the sample innovations for each crypto asset and the best joint distribution between the sample innovations for multivariate modeling.
We start by assuming that the distribution of each sample innovation is Gaussian.
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However, after checking QQ plots and alpha stable analysis (see Borak, 2005) , we add the Student's t distribution as an innovation distribution. We then approach the joint distribution of sample innovations in three ways: (1) t copula, (2) multivariate t distribution, and (3) multivariate variance-gamma distribution by Wang (2009) as explained below.
1. The t copula is given by (see Demarta and McNeil, 2005) :
We use the kernel density function to transform the sample innovations into unit space in order to calculate the t copula. In our simulation, we specify the width of smoothing window as w s .
2. The probability density function of multivariate
We adjust the degrees of freedom ν to find the best fit. To limit the heaviness of the sample innovation distribution tail, we set the degrees of freedom to be greater than four in order to have finite kurtosis.
3. From Wang (2009) and Hitaj (2013) , a random vector X follows the multivariate variance-gamma (MVG) model if each component X i can be expressed as:
is the dependent part of the MVG distribution and G i is the independent part of each VG distribution. As suggested by Wang (2009), we fix the degrees of freedom of the dependent part as ν 0 = min(ν i ).
Finally, we generate one-step forecasts for sample innovation. Combining calibrated coefficients and sample innovation forecasts, crypto asset return forecasts are available.
We generate 10,000 scenarios for each crypto asset in each roll.
Backtesting
To minimize portfolio risk, we use two widely used measures of market risk, Value at Risk (VaR) and Conditional Value at Risk (CVaR). Our backtesting is based on different distributions at the 1 − α confidence level (α = 0.01) for VaR and CVaR. Let F (x) = P r{r ≤ x} denote the cumulative distribution function of crypto asset return r. The VaR and CVaR are defined as
The backtesting is simulated using Monte Carlo method using an equally weighted From the backtesting results reported in Table 2 , the optimal multivariate model is ARMA(1,1)-GARCH(1,1) (Gaussian innovation) with multivariate t distribution with five degrees of freedom. The corresponding backtesting plot using Monte Carlo simulation is shown in Figure 1 . In this case, the number of failures and the ratio of failures are minimized. The traffic light and binomial tests show the correctness of the model based on the binomial distribution. Hence, in the remainder of this paper we use this model to build crypto asset portfolios and derive an option price. 
Portfolios
In this section, we perform portfolio optimization where the objective function is risk minimization. From mean-variance portfolio optimization, we have the following portfolio allocation problem with utility function u(·): such that,
where L and U are, respectively, lower and upper bounds of weights.
Portfolio Optimization
For our portfolio optimization we use mean-variance portfolio optimization of Markowitz (1952) and CVaR portfolio optimization of Krokhmal (2002) . Minimizing variance and CVaR at the 99% confidence level are the constraints on the mean-variance and CVaR portfolios.
Using the same dataset described in Section 2.2, we perform a rolling-window optimization of 252 daily returns as the in-sample data and 455 daily returns as the out-ofsample data, while using as the benchmark the SPY with dividends. In the empirical analysis we assume there are no transaction costs so that weights can be adjusted purely for hedging risk. Moreover, due to different trading times for crypto assets and SPY, we adjust the SPY data by adding zero returns on weekends and holidays.
We calibrate the parameters of the ARMA(1,1)-GARCH(1,1) model (Gaussian innovation) using the in-sample data in each roll. Next, we use the multivariate t distribution with five degrees of freedom to generate 10,000 scenarios for the one-step forecast. From the 10,000 scenarios, we find the efficient frontier, which includes the portfolios on the efficient parts of the risk-return spectrum. Then, we choose minimum risk as the criterion to construct the optimal portfolio. That is, for mean-variance portfolio optimization, we choose the point with minimum standard deviation on the efficient frontier, which we refer to as the min Variance portfolio. For CVaR portfolio optimization, we choose the one with minimum CVaR, which we refer to as the min CVaR portfolio. Corresponding weights for each crypto asset are denoted as:
where j = 1 represents the min Variance portfolio and j = 2 represents the min CVaR portfolio, t is time index, and i is asset index. Hence, the portfolio returnr
Then, we move the window and repeat until the end of the out-of-sample data. The high return implies high risk. Hence, an analysis of risk budgeting is necessary.
Risk Budgeting
Two approaches based on homogeneous risk measures are applied in this study:
portfolio volatility and CVaR. According to Artzner et al (1999) , both measures are coherent risk measures.
Using the notation of portfolio weights ω
) as the vector of weights with time index t and portfolio index j. The risk contribution is considered under the condition of equal weights. Hence, we have ω
To simplify, we use ω and ω (i) instead of ω (j) t and ω (i,j) t , respectively.
And, we denote the risk measure of the i th asset as RC i (ω).
First, we focus on the volatility risk measure:
where Σ is covariance matrix between asset returns. The marginal risk and risk contribution of the i th crypto asset are:
The second risk measure is CVaR at the confidence level α ∈ (0, 1). As defined in equations (11) and (12), we let RC V aR = CV aR α . In the risk budgeting analysis, we set α = 0.01 and keep the same setting for the in-sample and out-of-sample data as in Section 2.2.
In-sample and Out-of-sample Risk Budgeting
Portfolio volatility and CVaR are used as the risk measures for the in-sample data.
According to the results reported in Table 3 , some similarities can be found between RC V ol and RC V aR . Binance coin (BNB), bitcoin cash (BCH), and EOS (EOS) seem to have relatively higher risk than the other four crypto assets. Meanwhile, bitcoin has the lowest risk contribution in both cases. Later, we check our conclusion with the out-ofsample data. Figures 3 and 4 show that bitcoin is the risk diversifier and EOS is the risk contributor of the equally weighted portfolio.
2 Due to the larger number of observations involved in the out-of-sample analysis, which implies more accuracy, we conclude the risk diversifier is bitcoin and the risk contributor is EOS. Here we analyze four measures of risk-adjusted return:
1. The Maximum Drawdown (MDD) is defined as the maximum loss incurred from peak to bottom during a specified period of time [0, T ]. Sharpe, 1994 ) is defined as
whereR(T ) = 1 T T t=0r t is the mean portfolio return, R f is the risk-free rate, and σ P is the portfolio volatility within [0, T ].
3. The M2 ratio (see Modigliani and Modigliani, 1997 ) is derived from the Sharpe ratio with defined benchmark volatility as σ M .
4. The Rachev ratio (see Rachev et al, 2008 ) is defined as the ratio between the CVaR of opposite of the excess return at the 1 − α confidence level and the CVaR of the excess return at the 1 − β confidence level.
In our analysis, we set α = β = 0.01.
The results, reported in Table 4 , are based on the out-of-sample data. In our calculation, we use the US 10-year Treasury yield curve rates as the risk-free rate. Maximum Drawdown (MDD) for the two optimal portfolios are very close, which are much higher than the SPY. Sharpe ratios indicate that the min CVaR portfolio outperforms the SPY. 
Option Pricing
If options on a crypto asset index existed, standard methodologies for hedging would exist (protective put buying to create a nonlinear payoff profile). However, in the absence of options where the underlying is a crypto asset index, hedging is still possible if there is a crypto asset index. The dynamic trading strategy to do so is a strategy formulated in the 1980s by the advisory firm of Leland O'Brien Rubinstein Associates and called "portfolio insurance". We apply this strategy to calculate the fair value of crypto options in which the underlying is a crypto asset index. The option valuation model is applied to the optimal crypto asset portfolio derived in Section 3 (i.e., the minimum-risk crypto portfolio) in order to reduce price risk by hedging.
We start by finding an appropriate distribution for the innovations for the portfolio returns. Similar to Section 2, we keep the GARCH-type model for returns as given by equations (2)- (5) because the ARMA effect is irrelevant for risk-neutral option pricing. Then, we fit the model to the generalized hyperbolic distribution introduced by Barndorff-Nielso (1977) to find the appropriate distribution for the innovation ǫ. After carefully backtesting, the results indicate that the innovations from both the min variance portfolio returns and min CVaR portfolio returns follow the normal inverse Gaussian distribution (NIG(α, β, δ, µ) ) with the moment-generating function:
where α is the tail parameter, β is the asymmetry parameter, δ is the scale parameter, and µ is the location parameter. Therefore, we offer a reliable model: the ARMA(1,1)-GARCH(1,1) model with NIG innovation for the minimum-risk portfolio returns. Then, we obtain the valuation of crypto options by passing the natural world to the unique equivalent martingale measure via the Esscher transform (see Gerber and Shiu, 1994) .
Following Chorro (2012), we apply the following methodology to deal with the NIG innovation case:
1. Select the sample: 455 daily portfolio returns (i.e., the min Variance portfolio returns).
2. Estimate model (2)-(5) with NIG innovations based on the selected sample.
3. Set t = 0, fit innovations with NIG(α, β, δ, µ) and output parameters and one-step forecast of conditional variance σ 2 1 .
4. Repeat the following (a)-(d) steps for t = 1, ..., T . We set maturity T at six months and use the 6-month Treasury yield curve rates as the risk-free rate r.
(a) Solve the following function to get θ t .
(c) Generate ǫ t+1 from NIG(α, β, δ, µ).
(d) Compute r t+1 and σ t+2 .
5. Setting $100 as the initial capital, the future value at T is
6. Repeat steps 4 and 5 for N = 10, 000 times as suggested by Chorro (2012) .
7. The approximated call option price and put option price arê
where K is the exercise strike.
Using the enhanced Monte Carlo method, we calculate the fair price of crypto options.
We capture the short-term behavior of the option smile found for equity options based on the min Variance portfolio in Figure 5 (a). The "smile" is well illustrated in Figure   5 (c). As can be seen in Figure 5 (b), the curvature of the option smile increases as time to maturity T decreases. For the options based on the min CVaR portfolio returns, we have similar figures as shown in Figure 6 .
Note that our method for the valuation of crypto options can be applied to all European style options. Options give the option buyer the right but not the obligation to purchase or sell the underlying asset at a predetermined price. With the put options given by equation (29), an investor can hedge the risk for the minimum-risk crypto portfolios with a specified strike price. We cannot, of course, compare our results with option prices in the crypto market because such market prices do not exist. Yet, we can claim that if such options on crypto assets are introduced, they should follow closely our theoretical prices after adjusting for market frictions and design feature nuances.
Conclusion
In this paper, we conduct an empirical analysis of the minimum-risk portfolios of major crypto assets. We start by fitting the sample returns using the ARMA(1,1)-GARCH(1,1) model with different multivariate distributions. Using VaR and CVaR as measures for backtesting, we conclude that the optimal model is ARMA(1,1)-GARCH(1,1) (Gaussian innovation) with multivariate t distribution with five degrees of freedom.
Based on the model, we propose the min Variance portfolio and the min CVaR portfolio using mean-variance and CVaR portfolio optimization, respectively. The first major contribution of this paper is demonstrating that the combination of extremely volatile single crypto assets in a minimum-risk portfolio often outperforms a major stock market index, the S&P 500. With risk budgeting, we find the risk diversifier is bitcoin and the risk contributor is EOS. Also, based on four measures of risk-adjusted return, we conclude that min CVaR portfolio has the highest risk-adjusted return while the min Variance portfolio and the benchmark (the S&P 500) have similar performance. We then offer a novel solution for calculating the fair value of crypto options based on two minimum-risk portfolios for hedging. If such options on crypto asset indexes are introduced, we would expect that they should follow closely our theoretical prices after adjusting for market frictions and design feature nuances. 
